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Abstract 

By compactifying gauge theories on a lower dimensional manifold, we often find many 
interesting relationships between geometry and supersymmetric quantum field theories. In 
this paper we consider conformal field theories obtained from twisted compactification on a 
Riemann surface with a boundary. Various kinds of supersymmetric boundary conditions 
are exchanged under S-duality. To consider these transformations one need to take into 
account boundary degrees of freedom. So we study how these degrees of freedom can be 
added at the boundary of the Riemann surface. For these the boundary fields to be added 
it is convenient to rewrite the theory by means of superfields. Therefore, I show in this 
paper that the 4d SYM action can be surely expressed as 2d superfields. 


1 Introduction and summary 

By compactifying gauge theories on lower dimensional surfaces, many interesting relationships 
between geometry and supersymmetric quantum held theories have been found. The Alday- 
Gaiotto-Tachikawa correspondence nq is an example of such theories. Related works are found 
in m 12 0 H 0 m [9]. Especially, the reduction of 4-dimensional theories on closed Riemann 
surfaces has been studied in various ways PDEIE]- We can preserve the supersymmetry on 
curved space by twisting the theory mini El- 

Studying effects of introducing a boundary is also an interesting theme [lailSlIII]. The 
boundary conditions for preserving the supersymmetry have been studied in many works [T8l 

UniEQ]. 

We are interested in boundary conditions which can preserve some of supersymmeries. An 
interesting work is to hnd these boundary conditions and classify them as in [12 [12 [22122 E] . 
These various boundary theories are expected to be related by S-duality. For example, under 
the S-duality transformation the NS5-like boundary condition fl2.10|l is transformed into the 
D5-like boundary condition m- It is important to consider degrees of freedom located on the 
boundary because the number of the degrees of freedom can be in general changed under the 
S-duality transformation. Then, in order to study the structure of S-duality, it is needed to 
add these degrees of freedom to the theory. 

The introduction of these boundary degrees of freedom is done in a natural way in terms 
of superhelds. Then, we would like to describe the 4-dimensional Yang-Mills Lagrangian in 
terms of 2-dimensional superhelds. This is the main goal of this paper. A similar construction 
of the 4-dimensional Lagrangian is done in [ 25 ] where they described the bulk 4-dimensional 
theory by 3-dimensional superhelds. By the supersymmetry transformation of Yang-Mills helds 
( 1231 ) . we found the theory compactihed on the Riemann surface does not have translation 
symmetry along the boundary direction) as well as the perpendicular direction [x^). Then, 
in our situation, the theory has 2-dimensional supersymmetry. Therefore we use 2-dimensional 
superhelds to express the Yang-Mills Lagrangian. Now, we specihcally consider the J\f = (2, 2) 
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case. This supersymmetry is realized when one adds the boundary to the theory with M = (4,4) 
supersymmetry. 

In the previous work [21] we considered such compactified theories on the Riemann surface 
with a boundary. We introduced a geodesic boundary on the Riemann surface and showed 
that one of the boundary condition called the NSS-like boundary condition can be imposed 
at the boundary. As a result the half of the supersymmetries, AT = (0,1), (1,1), (2,2), out of 
Af = (0,2), (2,2), (4,4) can be preserved when the Riemann surface has the boundary. We 
consider the 4-dimensional super Yang-Mills theory on the space x Eg where is the 
2-dimensional Minkowski space with the metric gmn = (~1, +1) and Eg is the Riemann surface 
with genus g, which has the boundary. We take the coordinates (x™, Y) = , x^), so 

that is spanned by the hrst two coordinates x”* = x^,x^ and the Riemann surface Eg is 
spanned by the coordinates x* = x^,x^. 

The main result of this paper is that we can express the 4d Yang-Mills Lagrangian in 
terms of 2d superhelds so that the remaining supersymmetry is manifest. Our theory has 2d 
Af = (2, 2) supersymmetry. This is the 1/2 BPS state obtained from the 2d Af = (4,4) on the 
closed Riemann surface when we introduce the boundary. 

The 4-dimensional Yang-Mills Lagrangian is written in superfield formalism in Section |5l 
According to our results, the action is written by 2-dimensional Af = (2,2) superhelds in hat 
space (x°,x^): 


5'ym = / a = 


'ijrixSo 


d^x + c^K2 + c^w) 


d^xTr'v^ / 


IR}’ 


EE + 


d^xTr' J dfO 


2 / d^xTr' 


i=2,3 
2 


.-2y 


f-di + 1 <l> 


d^e - 93 ^ 2 ) - 2 [<h 2 , $ 3 ]) + c.c. 


, ( 1 - 1 ) 


where g is the determinant of the metric on the Riemann surface Eg spanned by (x^,x^). Now 
Eg is regarded as an internal space. Each term of the above action is concretely calculated in 
Section (5] 

Expressing the Lagrangian in terms of 2-dimensional superhelds, it is easy to add other helds 
localized on the boundary. For example, we can introduce fundamental and anti-fundamental 
superhelds localized on the boundary. These helds live in 3-dimensional spacetime corre¬ 
sponding to the boundary of 4-dimensional Yang-Mills theories (x^ = 0). The gauge transfor¬ 
mations of these helds are 


A = A(d, x°, x\ x^). (1.2) 

Coupling of these boundary degrees of freedom to the bulk helds is 

5bdry = [ d?x [ d^e {B+e^^B+ + B_e-^^B_) , (1.3) 

where the integral is dehned on the 3-dimensional spacetime where helds B^ live. The total 
action is obtained as the sum of fll.ip and 01.31) . 

This paper is organized as follows. Section |2] describes the outline of super Yang-Mills 
theory. This theory is twisted for preserving the supersymmetry on curved spacetime. This 
super Yang-Mills theory is reproduced in terms of superhelds in the rest of the paper. Section 
[3] introduces the vector and chiral multiplets in 2-dimensions. Section 0] treats a simpler case 
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for practice. We treat in this section the Abelian theory on flat spacetime where the metric on 
the compactified space is simply gij = 5ij. Based on this result, in Section [5] we generalize the 
theory to non-Abelian helds defined on curved space where the metric on the Riemann surface 
Qij = is introduced. In this section we find the theory by the superheld formalism is 

equivalent to the super Yang-Mills on curved space explained in Section [2j And we close with 
discussion in Section [6l 

2 Yang-Mills theory in 4-diniension 

Our theory is constructed on the space R X Eg. The first factor is a flat space with metric 
gmn = diag(—1,-|-1) and the second factor is a Riemann surface with genus g. We choose the 
coordinates in which the metric on the Riemann surface is 

9 « = ( 2 . 1 ) 

where h{x‘^, x^) is a function of and x^. In the following we use the indices m, n for the flat 
direction the indices i, j for the Riemann surface with coordinates x^, x^ and the indices 

jx, V are used for the whole of them. 

The gauge field is /r = 0,1, 2, 3 and the field strength is defined as 

Ffiu = — dyA^ + Ay\. (2.2) 

There are 6 scalar helds, A = 4, • • - 9, and the fermion held T which is a Majorana-Weyl 
spinor satisfying, _roi23456789^ _ ^ rppg 4-dimensional A/" = 4 super Yang-Mills Lagrangian 

is 

- iv„V4V'‘Jf'‘ + \[X^,Xb\[X\X‘>] 

(2.3) 

Tr' is a trace normalized as TT = -^Tradjoint where hA is the dual Coxeter number. In the above 
the covariant derivative for the helds are dehned as 

V^Y^:=a^A^ + z[A^,X^], (2.4a) 

V^T:=a^T + i[A^,T]. (2.4b) 

By twisting this action, we obtain the Lagrangian which is invariant under the supersym¬ 
metry transformation: 

6 A^ = ieT^m, 5X'^ = ieTA^, 

» = ir'‘-F„„e+ xye + T‘‘■'v^x'_^e, (2.5) 

where / denotes the twisted helds. 

Our goal is to describe the above Lagrangian in terms of superhelds. Similar construction 
of the 4-dimensional Lagrangian is done in the paper 1^ where they described the bulk 4- 
dimensional theory by 3-dimensional superhelds. 

In order to preserve the supersymmetries on such a curved space, we usually need to twist the 
theory. According to the previous work [2T], we know M = (2,2) supersymmetry is obtained 
from the no boundary with M = (4,4) case. These supersymmetries are generated by the 
parameter satisfying, 

r2345^ = -e, = +e. (2.6) 
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These conditions can be written as 


Pi+e — 0, Pi_e — e, 

P2+€- = e, P2-^ = 0, 


(2.7) 

( 2 . 8 ) 


where the projection operators are dehned as follows: 

1 p2345 1 1 p3579 

Pi± ■■= -, P2± := ^-. (2.9) 

In our coordinates the boundary corresponds to = 0. One of the boundary condition 
which preserves M = (2,2) supersymmetries is the NS5-like boundary condition dehned as 

.^/ 23 |bdry = 0 (/i = 0, 1, 2), (2.10a) 

/^3^A|bdry = 0(21 = 4,5,6), (2.10b) 

XA|bdry = 0(21 = 7,8,9). (2.10c) 


3 Superfields in 2-dimension 


In order to construct the 4-dimensionaI Yang-Mills Lagrangian fl2.3p in terms of superhelds, 
we introduce a vector multiplet and three chiral multiplets. As we noted in Introduction, 
our theory has Poincare symmetry in 2-dimensionaI space (x°,x^). Then, we introduce the 
2-dimensionaI superhelds. We use the notation used in [261127] . 

In the superspace coordinates,(a:°, 0^, (9^), diherential operators of the superspace are 

shown in Appendix lAl 

:= Y - 2i«±a±, Si := - + 2i«±a±. (3.1) 


In the above expression we used := x° ± x^, d± = i(cIo ± ^i)- For spinors the indices ± are 
raised or lowered by the epsilon tensor e*F = -|-1 = —e_+. 

We use the notation for integration for Grassmann coordinates: 


(feF = F 

(feF = F 


eeee 4 
ee 2 


e-e+e+e-^ 


We use an unusual ordering of sigma matrices: 


a‘ 


r 1 
= |cr ,a j = 


p — 


0 


e-e+ 


1 0 
0 -1 ^ ’ 


0 1 
1 0 



(3.2) 

(3.3) 


(3.4) 


3.1 Vector multiplet 

We choose the Wess-Zumino gauge. The 2-dimensional vector multiplet is 

12 = - ^ ea^evm{x) - ea^eva{x) + m¥\{x) - im\{x) + heeeD{x), ( 3 . 5 ) 

m=0,l a=2,3 

where Vm-, m = 0,1, are the component of the 2-dimensional vector held, Xq, a = 2,3, are 
scalar helds, A and A are fermion helds and D is an auxiliary held. We also express the vector 
multiplet by components 9 = {9~,9^), 

12 = 2 e-e-v_ + 29+e+v+ - V2ae-e+ - V2ae+e- 

- 2ie-9+{9-x_ + e+x+) - 2i9+e-{e-x_ + e+x+) + 29-9+9+9-0. ( 3 . 6 ) 
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We redefined the vector and scalar fields as follows: 


2v± := no ± ni, 


x/2 


a ■.= V2- ivs- 


(3.7) 


3.2 Chiral multiplets 

Onr theory has the three chiral mnltiplets for i = 1,2, 3: 

“hj = + i6(j'^6dm4’i “1“ H— -^OOOd'^dm'<pi + —9996\3(j)i, (3-8) 

\/2 4 

where (pi are bosonic, 'ipi are fermonic, and Fi is a bosonic anxiliary field. We also nse their 
harmitian conjngate are 

$. = 0. + - i9a^9dmPi + 9Wi + -^999a'^d^Ppi + ]9999nPi. (3.9) 

\/2 4 

3.3 Correspondence to the 4d fields 

Getting together the transformations (??) and (??) we obtain the 4-dimensional gange trans¬ 
formation fl2.5p with the parameter e = The degrees of freedom snrely agrees between 

4-dimensional fields, and T, and one vector mnltiplet and three chiral mnltiplets. We 
snmmarize the relation between the chiral and vector mnltiplets and the 4-dimensional fields 
in Table [TJ This correspondence can be shown by nsing the property of the snpersymmetry 
parameter e fl2.6p and is listed in the right side of Table [U 


4 Simple case 


Onr goal is to constrnct the Lagrangian 02.31) in terms of snperfields 03.5p and 03.8p . First, in 
this section we consider a simple case where the fields are Abelian and the metric is simply flat 
9ij ~ Vij- ^ 1 ^® next section we consider a non-Abelian case and introdnce the cnrved metric. 
The total action in terms of the snperfields is 


/ 


C 


I 


[Cj] + Cki + Fk2 + Fw) 



(F9 SS + 2 


(F9 <Fi<hi + 


i=2,3 


+ 2 


(f9 ^l{d2^3 - 93^2) + C.C. 


(4.1) 


2 d fields 



4d fields 

relation 

Vo, Vi 


-4 

Aq, Ai 

0 

0 

V2, V3 



Xo,Xs 

00 

A 


-)■ 

A) 

h- 

1 

+ 


01 



Ar, Xg 

01 = ^Xj + i-^Xg 

01 



1 

1 


02 



A 2 , A 4 

02 = ^X4 — ipA2 

02 


-)■ 

Pl+P2+^ 


03 


-)■ 

A 3 , A 5 

03 = ^X^ — 'j^A 3 

03 


-)■ 

1 

+ 

D 0 



Table 1: Component correspondence (Vector and chiral mnltiplets) 
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In the above expression the normalization of each term is dehned so that this Lagrangian gives 
the 4-dimensional Lagrangian fl2.3j) . 

We construct the each term in the following subsections and give the bosonic part of the 
Lagrangian: 


^ A=4,-,9 

In the above F^^, is the held strength of the Abelian gauge held, 

Ff,^ ■= - d^Af,. 


(4.2) 


(4.3) 


4.1 Kinetic term of the vector multiplet: 

This term is constructed by the twisted chiral superheld dehned by the vector superhed (13.611 
as 

E := (4.4) 

Substituting the expression (13.ip . we calculate 


EE 


= 7^^ 

eeee 4 e-e+e+e- 

= ~ ^(2^-+)^ — 2z(A_c?+A_ -I- A+9_A+) -|- Aad+d-a. 


(4.5) 


The Lagrangian of the linear multiplet part is 


= -EE 


eeee 


^ -i2 , 


= + 2i(A_9+A_ -h A+9_A+) -1 - (t(-cIq dl)a. 


(4.6) 


In the above to obtain the last expression we ignore the total derivative terms. 


4.2 Kinetic term of the chiral multiplet, 4>i: £ki 

The kinetic term of the held $1 is obtained in the usual way: 

Cki = 2 j (4.7) 

Substituting the component expansion (13.811 and (13.911 . we obtain the kinetic Lagrangian of the 
held <I>i: 


£ki = FiFi + (4.8) 

4.3 Kinetic term of the chiral multiplets, 

The kinetic term including the helds 4*2, 4*3 is 

Ck2 = J d^O {{d^V + $2 + <h2)" + (^3^ + $3 + <h3)') . (4.9) 
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We obtain the kinetic term of the chiral mnltiplet $2 and $3 np to total derivative terms: 


j d^e {{d2V + $2 + $2)' + {dsV + $3 + $3)') 

= -2D{d2Re(j)2 + dsRecj)^) + 2{F2F2 + F3F3) + 2 (Re^ 2 nR-e 02 + Re 03 nRe(/) 3 ) 

- ^{d2v"" + 2d'^lm(j)2){d2Vm + 2dmlm(j)2) - + 2d'^lm(j)3){d3Vni + 25^^03) 

- ^d2V''d2Va - ^d3V°‘d3Va. (4.10) 


+ iV2'ilj2 (^d2X - - iV^2 

+ ^«93A - - iV^3 (^d3X + 


4.4 Potential term: Cw 

The potential term is constrncted as 

= 2 


<& i ( 52'53 - 03^2) + C . C . 


(4.11) 


In the above expression, “c.c.” means complex conjngate of the hrst term. In the component 
and 03.91) . this term becomes 


expression 

j d^e^i{d 2^3 - 93^2) = M92F3 - 53F2) + F 3 {d 2 (p 3 - d 3 h) - ^ 3 (' 92^3 “ ^3^2) 

= Fi{d2F3 - ^ 3 ^ 2 ) + F2d3(pi - ^3^201 - ^/Jlid2'lp3 - 93^)2)- (4.12) 

In the above, to obtain the last expression we ignore total derivative terms. 


4.5 Total Lagrangian C 

Pntting together the kinetic terms of the vector and chiral mnltiplets 04.Op . 04.8p . 04.101) and 
the potential term 04.12p we obtain the total Lagrangian: 


C :— Cy, + >Cki + Ck2 + Fw 

= 2^^ F 2^01 4" 2z(A_c?+A_ + A+(9_A-|-) + (t(— Oq + 9i)(7 

+ FiFi + 4>iD(j)i - 

+ 2Re(f)2{92D + nRe())2) 

A + ^d^ 

\/2 

+ 2F2F2 - ^(52^"” + 2d"'lm(j)2){92Vm + 2dmlm(j)2) “ ^92V‘"d2Va 



+ i\/2'i/j2 ( 92X - -^a'^dmi’2 ) “ «V^2 ( 9\ 


+ Fi{d2F3 - ^ 3 ^ 2 ) + ^2^301 - F3d2(l)l - '01(92^^3 “ 93^)2) ■ 
We obtain the eqnations of motion of anxiliary helds: 

D : D — 2(92Re02 + 93Re03) = 0, 

Fi : Fi + (9203 ~ 93 ^ 2 ) = 0, 

F2:F2 + 9301 = 0, 

F 3 '■ F 3 — 0201 = 0. 


(4.13) 

(4.14a) 

(4.14b) 

(4.14c) 

(4.14d) 
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Eliminating these auxiliary fields and rewrite this Lagrangian in terms of 4-dimensional fields 
according to the correspondence (see Table [I]), we obtain the Lagrangian fl4.2jl . 


5 Non-Abelian theory on curved space 


In this section we would like to generalize the action in the previous theory into the non-Abelian 
on curved space. We consider the theory on Riemann surfaces with genus g whose metric is 
written as 


gij = 

The spin connection and the curvature are calculated as 

(5.1) 

= d^hdx^ — d2hdx^, 

(5.2) 

= -2 ^ dAh. 

(5.3) 


i 


In the case of theories on curved space, we need to twist the theory in order to preserve the 
supersymmetry. 

The total action in terms of the superfields is 


d^x a = / d^x + £^2 + £V) 


= / d'^Xy/g Tr' 


- / SS + 2 / 


d^xTr' f d^e 

^ o_ no 


+ 2 / d^xTr' 


1=2,3 
'2 




+ 4 ), 1 + $ 


d^e (4>i(a24>3 - 934)2) - 2[4)2, 4 ) 3 ]) + c.c. 


(5.4) 


We construct the each term in the following subsections and show this Lagrangian gives the 
-Mills theory: 


= ^/dTr' 


— - F — - 
2 


5^ v^x'^V‘‘x'^ + 

A=4,-,9 


i 5: K,X'F 


\r Y, (X\X'^) 

A=4,5 

(5.5) 


where the covariant derivative is defined as 


X^X'^ := S„A'_(, + xy + AFX'b, (5.6) 

B 

and A = 4, • • • ,9 are scalar fields on curved space. 

In the last part of this section, 15.51 we see that the superfield Lagrangian fl5.4p actually 
produces the 4-dimensional Yang-Mills Lagrangian fl2.3p . 


5.1 Kinetic term of the vector multiplet: 

In this subsection we calculate the kinetic term of the vector field. 


a 


d^d^Tr'SE. 


(5.7) 












Let us define the differential operators (a = ±) 


Va := e ^, 
:= e^D^e-^. 


The superfield strength is defined as 


S:=^{D+,P_}. 


2V2 


(5.8) 

(5.9) 


(5.10) 


The differential operators in flh.lOp are calculated by the component expression of the vector 
super field 03.6^ : 


= 


d 


86 + 


+ V2e-a + 2ie+{d+ + iv+) - 2f6'-0+A+ - 2i6'-(0-A_ + 0+A+) 


+ 26 6^6 + 2z5+n_ + [n_,n+] + ^[cr, cr]^ 


2V2i6-6+e+V+a + 46-6+6+6' ( V+A_ + A 


‘+ ) 


V_ = 


8 

86 - 


V2e+a - 2i6-{8_ + iv_) - 2i6»+6>"A_ - 2i6'+(6'+A+ + 6'"A_) 


— 26+6+6 + 2f9_n+ — [n_, n+] + ^[a, cr]^ 

+ 2V2i6-6+6-W-a + 46-6+6+6 


V-A+ + -[a, A_; 




- J d^0\/^Tr'SS 


M^iD^ + vl) + \Voa\^ 


iViap 


crl^ 


+ 2i(A_V+A_ + A+V—A-I-) — \/2(A-|-[(T, A_] + A+[cr, A_]) 


(5.11) 


(5.12) 


Then, we obtain the superfield strength in components 

S = a + \/2z(r A_ - d+A+) + 2i{6-e-V-a - d+6+V+a) + V 26 + 6 -{D - ivoi) 

- V26-6+d- (2VJX+ + \/2i[a, A_]) 

+ V26+6+d- ( 2 V+X- + V2i[a, A+]) 

+ 6 -6+6+6- ((V^ - Vl)a + i[a, 8mV^] - [a, [a, a]]) . (5.13) 

We defined the field strength 

n_+ := —i[8_ — iv_, 8+ — iv^] (5-14) 

and write it in the coordinates Xq and Xi, 

n_+ = voi. (5.15) 

The linear multiplet term of the Lagrangian is 


(5.16) 
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5.2 Kinetic term of the chiral multiplet, $i: 

Using the differential operators flS.Sp . the chiral superfield is given by the condition 

Did), = 0. (5.17) 

The kinetic term of the chiral multiplets d)i is defined as 

= 2 j (e-^'^^ie^^d)!) . (5.18) 

Substituting the component expression 03.811 and 03.9p . the result is 

+ 2FiFi - 2(V™0i)(Vm^i) - 20i{a, d}0i 
+ 2i';/)]^_(Vo + Vi)'i/)i_ + 2z'^^_|_(Vo — Vi)'?/’i_,_ 

- i2\/2{il)^_X ++ z2\/2 0^(A"-i/)i_ + A+-i/)i+)|. (5.19) 


5.3 Kinetic term of the chiral multiplets, ^2,^3^ ^^K.2 

The kinetic term of the chiral multiplets $2 and < 1)3 is 

/:"k2 = ^ /ci'0Tr'|e-2'"Qa, + $,^e2^ + d),| . 
The integrand of 05.20^ is invariant under the gauge transformation, 

$2 ^ e-*^^d>2e*'^ - e-*^(a2e*'^), 

$3 ^ e-*^^d) 3 e*^ - e-*^(a 3 e*^). 


(5.20) 


(5.21a) 

(5.21b) 

(5.21c) 


The component expression is 


= Tr' I 

i=2,3 I 


— 2D(9,Re0i — 4Re0,D0, + 2F,F, 

■ 2c?”^Re^,9mRe0, + 4zRe())jn™'9m^i + 2Re0,n^cl,n^ — 4Re^,n^n^(/)j 

■ ^ (2a™(Im0,) + - 2^;”"0,) {2d„,{\m(j)i) + diV„, - 2vjy^,) 

■ ]^{diV^ - 2v^'^i){diVj - 2vj^i) 

(^diX - 2A0, - i\/2cr^n^'0, - 

■ V^i (^diX - 2A0, + -^a'^dn'ijjj^ + 4\/2zRe0iA^/), 


(5.22) 
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5.4 Potential term: 

In the non-Abelian case the potential term is modihed including a commuter term: 

= 2Tr' I j d^9 (<hi(a2<I>3 - a3<I>2) - 2[d>2, $3]) + C.c. | . (5.23) 

We can obtain 

C^w = 2Tr'|Fie*^(cIj0j - - 2[0j,0i]) - {diipj - 2[0i,i/;j]) + 

+ c.c. |. 

(5.24) 

5.5 Total Lagrangian 

Putting together the kinetic terms of the vector and chiral multiplets fl4.6p . fl4.8p . fl4.10p and 
the potential term fl4.12p we obtain the total Lagrangian: 

a := + C^Ki + C3k2 + C^w- (5.25) 

The bosonic term of the Lagrangian is 

C-^hos = \/^| + 2^01 + “ 2 *^ 1 ] 2-PlAi 

- 2V™0lVm01 - d}0i| 

+ {l^(2[0„0j - a,2Re0,) + 2F,F, - - 2V™0,V^0, + 2[n^^J[j,-, 0,] 


i=2,3 

- 2 div'^dm^m(t)i + 2(9in^[n^,^J [v^, diVf,]2Re(t),^ 

+ 2|Fie'^(<9,0, - 20,0,) + F,e'^(0,-0i - 2[0,-,0i])}. (5.26) 

The equations of motion of the auxiliary helds are 

D : ^D+ |2^[0i,0J + ^ 2[0i,0J -2 E aiRe0iJ=O, (5.27a) 

\ i=2,3 j=2,3 / 

Fi : ^JgFi + (0203 - ^302 - 2[02, 03]) = 0, (5.27b) 

F 2 : ^2 + (^301 - 2[03, 0i]) = 0, (5.27c) 

Fg : F 3 - (0201 - 2[02, 0i]) = 0 . (5.27d) 


Eliminating the auxiliary helds and relating the components to the Yang-Mills helds in the 
same way as the Abelian case (see Tabled]), we obtain the 4-dimensional Yang-Mills Lagrangian: 

£YM,b„ = ,/9'IV'|- Y, KXa^"‘-^a + \ E 

^A=4,---,9 ^ A,B=4:,---,9 

+ i E E mh(x’^x'F 

1=2,3 yl=4 ,5 ^ 

= ,/9'IV'|-E KX'aX'^X'^ + I E 

^A=4,---,9 ^A,B=4,---,9 

-RE(V;.’fy|, (5.28) 

n=4,5 ^ 
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where to obtain the last form we rescaled the helds: 



1 


■^4,5, 


^ 6 , 7 , 8,9 ■— ^ 6 , 7 , 8 , 9 , 


and nsed the fact that the cnrvatnre of the snrface can be written as 05.3^ : 


(5.29) 


y/gR = -2 ^ didih. 

i 


The covariant derivative is changed by the twist: 

V'X' = d,X'i + i[A, X'] - AfX'^, (5.30a) 

V'X' = + i[A, X'] - AfXl (5.30b) 

V[X'^ = diX[ + i[Ai,X'^] ; £ = 6,7, 8, 9, (5.30c) 

where the external held Af^ = —Af^ is dehned as Af^ = —Therefore, we obtain the resnlt 
that the snperheld Lagrangian 05.281) is eqnivalent to the 4-dimensional Yang-Mills Lagrangian 
on the Riemann snrface, which is the bosonic part of the Lagrangian 02.3p after twisting. 


6 Discussion 


Onr aim was to constrnct the 4-dimensional snper Yang-Mills action in terns of 2-dimensional 
snperhelds. Redehning the inner prodnct of Lie algebra inclnding the integral on the inner 
space Eg, 

I (ix'^dx^Tr' =: Tr', (6.1) 

isg 

we can interpret the action 05.41) as dehned for 2-dimensional helds: 


/ 


Ax CA 



AxRX yfg 


Ad SS + 2 


Ae 


+ 





+ 2 Ax Tr' 


AO $i(92<h3 - (93<I>2) - 2 [<I' 2 , <h3] ) + C.c 


( 6 . 2 ) 


In the constrnction of the Lagrangian in sections 0] and [5|, we treated only the bosonic part 
of the Lagrangian for simplicity. However, for the cnrved space we treated in the previons 
section, the fermonic part of the Lagrangian, 


C 




YM,fer — 


i.9- 


YM 


(6.3) 


shonld be obtained, as expected by the snpersymmetry, from the terms in 05.4p inclnding the 
fermions, '0i,'02,'03 and A. 

As we can see in 05.28p . the mass term of scalar helds X'^ exist. Indeed, this term is needed 
to possess the snpersymmetry. 

One of interesting fntnre work is to hnd a connterpart of a triple (p, H, 03) which character¬ 
izes the bonndary condition on [TSl 120] and to analyze S-dnality of these snpersymmetric 
bonndary conditions. 
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A Notation 


We summarize here the notation used in this paper. Our notation is the same as Witten, 

The 4d SYM is dehned on x Eg. is coordinated by a;"*, m = 0,1 and the Riemann 
surface Eg is coordinated by a;*, i = 2,3. The metrics is 


gran = diag(-l, +1), gij = 


(A.l) 


where h(a;^, is a function of and x^. 

We use the following differential operators to dehne the supersymmetry transformation; 


Qa ■ 


d 

86° 


iicr^0)c 


8 

8x>^' 


Qa ■■ = 


86 


^- + t{6an ^ 


8xf^ 


(A.2) 


The supersymmetry transformation is h = + ^Q. We also define the super-covariant deriva¬ 

tives: 


D^:= ^ + i{a^^6)^ — , D^:= 


86 ° 


8x^ 


86 




(?X^ 


We use an unusual ordering of sigma matrices: 

-1 0 \ / 1 0 


a‘ 


0 


0 


0 1 
1 0 


We use the notation for integration for Grassmann coordinates: 

j d^6F = F 
f (f6F = F 


0 -i 
i 0 


eeee 4 

= -F 
ee 2 


e-e+e+e-' 


e-e+ 


(A.3) 

(A.4) 

(A.5) 

(A.6) 
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